Copyright © 1988 by the Genetics Society of America

Genotypic Diversity: Estimation and Prediction in Samples

James A. Stoddart* and Jeremy F. Taylor?"!

*Australian Institute of Marine Science, Townsville, Queensland 4810, Australia, and fGraduate School of Tropical Veterinary
Science, James Cook University, Townsuville, Queensland 4811, Australia

Manuscript received April 10, 1987
Revised copy accepted December 9, 1987

ABSTRACT

We show that a commonly used statistic of genotypic diversity can be used to reflect one form of
deviation from panmixia, viz. clonal reproduction, by comparing observed and predicted sample
statistics. The characteristics of the statistic, in particular its relationship with population genotypic
diversity, are formalised and a method of predicting the genotypic diversity of a sample drawn
from a panmictic population using allelic frequencies and sample size is developed. The sensitivity
of some possible tests of significance of the deviation from panmictic expectations is examined using
computer simulations. Goodness-of-fit tests are robust but produce an unacceptably high level of
type II error. With means and variances calculated either from Monte Carlo simulations or from
distributional and series approximations, ¢-tests perform better than goodness-of-fit tests. Under
simulation, both forms of t-test exhibit acceptable rates of type I error. Rates of type II are usually
large when allele frequencies are severely skewed although the latter test performs the better in

those conditions.

ENOTYPIC diversity is an informative param-
eter of the genetic structure within populations.
It is defined here as G where

G = 1/3p?

where p; is the frequency of the ith genotype in the
population. It can be used to reflect the integration
of diversity at individual loci into multilocus geno-
types, a process mediated primarily by mode of
reproduction. Thus, the comparison of a population’s
genotypic diversity (the dependent variable) with that
predicted from its gene frequencies (the independent
variables) may be used to test how closely its mode
of reproduction mimics panmixia. In species em-
ploying mixed sexual and asexual modes of repro-
duction this comparison can be used to estimate the
relative extent of the clonal contribution within a
population or to compare this contribution between
populations (StopparT 1983; HOFFMANN 1986,
1987). With the current emphasis in evolutionary
theory on the role of sexual vs. asexual reproduction,
this tool is of considerable value and demands a
better understanding of the statistics of genotypic
diversity. Experimental studies of the role of clonal
reproduction are presently handicapped by the lack
of appropriate statistics.

Grecorius (1978) formalized, to some extent, the
notion of genetic diversity and examined the prop-
erties of some available diversity statistics. However,
his study was applied to ideal populations and did
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not explicitly consider the effects of reducing popu-
lation size. Studies of single-locus statistics describing
heterozygosity and multilocus measures of linkage
disequilibrium have addressed some of the problems
of the real world where sample sizes are usually much
lower than those of their source populations. Some
have proposed solutions in terms of relating statistics
to sample sizes (HiLL 1976, 1981; NE1 1978) while
others point to less soluble problems for simple
statistics (GOLDING 1984). These studies provide use-
ful pointers to common problems for a statistic of
genotypic diversity, yet a composite of single-locus
statistics will not perform the function of a holistic
measure. FRANKLIN and LEwWONTIN’s (1970) caution
against reductionism is especially germane if we are
dealing with clonal organisms in which the genotype
is inherited intact, and indeed HasTtinGs (1981, 1984)
has demonstrated that multilocus systems do not
always behave as a composite of their individual parts.
If genotypic diversity is to be a useful population
genetic tool, it must have its own statistics which are
relevant to operational constraints.

In an earlier paper, one of us (STopparT 1983)
pointed out the differences between notions of eco-
logical and genotypic diversity when sample sizes are
small. That paper proposed a method for measuring
the effects of reproductive mode on genotypic diver-
sity by comparing the observed diversity of a sample
with a value predicted from gene frequencies, Hardy-
Weinberg equilibria, linkage equilibria and sample
size. Here, we (1) point out problems in that paper’s
method of calculating expectation, (2) develop the
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rationale behind the approach as a comparison be-
tween samples, and (3) examine a method whereby
the expected and observed samples may be compared
statistically.

METHODS

StopDART (1983) continued the common usage of
the statistic, Go to estimate population genotypic
diversity, G, where

Go =1 E p?
i=1
with p; the observed frequency of the ith of R
genotypes. For this statistic, p; was estimated as p; =
n;/N where n; was the number of individuals of
genotype ¢ found in the sample of size N. Although
ni/N is the maximum likelihood estimator of the
frequency of the ith genotype in the population, Go
is a biased but consistent estimator of population
genotyplc diversity. In the interest of standard no-
tation we rename G, as G (see Table 1 for complete
list of symbols).
Consider a population consisting of K distinct
enotypes of frequency pi, pe, ... , px such that
%n'il pi = 1. In a sampling scheme consisting of
randomly selecting N individuals from the popula-
tion, the observed genotypic frequencies n,;, ns,
., nx have the multinomial distribution with pa-
rameters N, py, . .. , px. Distributional properties of
the statistic G can be examined by c0n51der1ng the
series expansion of G = 1/2X, p? about the K
dimensional point E[p:, f2, ..., f«] truncated on
terms higher than second order. Here, E[:] denotes
the expectation notation. This yields

K
G =6G - 8G® S pip.

i=1

K 2 K
+ 4G° (E ﬁz-p,-) - GT 2P ()

i=1 i=1
Employing the moments of the multinomial distri-
bution we have

E[G1 =G ———G(S + G) +—032p, 2)

i=1

K
Var(G) =%GQ (62 > pP - 1). (3)
i=1
From (2) we see that (ignoring hlgher terms of
order N=2) E[G] # G and hence G is biased but
consistent for G since E[G] — G as N — . As
SK . p} = G2 the bias is such that G always
underestimates G. To observe the behavior of the
bias demonstrated in (2), allow p, = 1/K for: = 1,
, K; ie., genotypes distributed uniformly in the
populauon Here E[G] = K — (K/N) (K — 1) and

TABLE 1
Symbeols used in this paper
pi = Frequency of ith genotype in population
pi = Observed frequency of ith genotype in sample
pi = Predicted frequency of the ith genotype in population
G = Population genotypic diversity
G = Genotypic diversity of observed sample
G = Genotypic diversity from sample frequencies expected
under panmixia
N = Sample size
n; = No. of individuals of genotype ¢ in sample
R = No. of distinct genotypes in sample
K = No. of distinct genotypes in population
§ = No. of distinct genotypes able to be created from the
alleles of sample
fx = No. of genotypes observed x times in sample

the magnitude of the bias will be severe when the
sample size is small relative to the number of geno-
types, an obvious result, as many of the K genotypes
will not be observed when N << K and estimates of
genotype frequency for all nonobserved genotypes
are effectively 0, when summed over the genotypes
of G. It is clear that an unbiased estimator of G does
not exist.

Despite G’s bias, it may still be used in a test for
departure from Hardy-Weinberg and linkage equi-
libria if we assume that the sample allele frequencies
are unbiased estimates of those of the population.
With this assumption we can predict the genotypic
frequencies of the population when all reproduction
involves free recombination and independent assort-
ment. Alleles are associated on the basis of their
sample (equated to population) frequencies to pro-
duce a probability of occurrence for each single-locus
genotype. These are then combined to give an ex-
pected frequency for all multilocus genotypes p,. The
genotypic structure of a sample of any given size may
then be predicted from this population and compared
with that of the observed sample. The efficiency of
this method will depend on the accuracy of the
prediction and the sensitivity of the comparison.

The method of predicting the genotypic structure
of the sample proposed originally by STODDART
(1983) was to incorporate the sample gene frequen-
cies into predicted frequencies, (denoted as g;'s in
that paper and f; here) using the Hardy-Weinberg
formula and random assortment between all loci,
then calculate G, the expected genotypic diversity
for sample size N, as

GY = 1/(D + PIN)

where D is the sum of ﬁ? for all p; where (f; - N) >
1, and P is the sum of g, for all (p; - N) < 1. The
rationale of this correction was that when sample size
was small, some genotypes would be unlikely to be
represented in the sample. However, in some situa-
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tions, P, the proportion of the total sample made up
of genotypes with expectation of occurrence <1 could
be substantial and a number would be likely to occur
in the sample This component of diversity was
included in G} by equatmg P to a number of geno-
types each represented in the sample by a single
individual.

The problem with the above methodology occurs
during this last step. As the probability of observing
genotypes is actually a function of the rarity of
gametes, rare genotypes may occur more than once
and their frequency distribution need not be uniform.
In this case, G provides an overestimate of diversity.
The extent of this overestimate will depend on the
size of P and the uniformity of the probability distri-
bution of the rare genotypes.

By using gene frequency data from a number of
natural populations and a Monte Carlo simulation
based on sampling an infinite gene pool to produce
5-locus genotypes for samples sizes between 22 and
126, HorrMmanN (1986) found that G, exceeded those
of G by an average of 25%. Further, using this
simulation 100 times for each set of allele frequencies
and sample size, HOFFMANN was able to produce a
mean and variance for G and then test this, using a
t-test, against that observed in the original sample.
However, besides being time consuming, a simulation
approach does little to make exphc1t the variables to
which G may be particularly responsive. The inability
to break down a simulation-derived mean and vari-
ance is further cause for concern here as, with the
exception of minimum diversity (z.e., 1) and maxi-
mum diversity (i.e., K or N), no value of G need
specify a unique distribution of genotype frequencies.

In this paper we suggest a method for predicting
samples which shifts the emphasis from the expected
occurrence of individual genotypes to the expected
occurrence of classes of replicated genotypes.

Suppose that in a sample of size N, R genotypes
are observed with frequencies (n1, ne, . .., ng) such
that R < K and the n; sum to N. One possible test of
panmixia would be to compare observed genotypic
frequencies, n;, with the frequencies expected under
the hypothesis of panmixia, N - §; where p, are
estimated from allele frequencies and ., ps, . . ., fis
sum to 1 with R < § < K, where S is the number of
genotypes able to be created uniquely from the
observed number of alleles. When N < K we have R
< K and if some alleles present in the population are
absent from our sample then § < K. Here § = K, as
we have assumed that the allele frequencies of the
sample are adequate estimates of those of the pop-
ulation, an assumption whose validity may need to
be reassessed in each case depending on a prior:
considerations of population genetic structure.
Hence, ng+y, ..., ng will be null and X — R the
number of unobserved genotypes. Yet when N <<

K, which will be almost always in practical situations
of interest, the expected genotypic frequencies, N -
p:, contain a high proportion of very low values; in
some cases none will be above the minimum required
for goodness-of-fit tests.

In cases such as this, BisHop, FIENBERG and HoL-
LAND (1975) propose the use of a “frequency of
frequencies” approach to reduce the total number of
classes and produce a classification which, in most
situations, has a frequency distribution amenable to
goodness-of-fit tests, and yet still retains some of the
complexity of the underlying genetic processes. Fol-
lowing their notation (pp. 337—339) we consider the
distribution of f,, the number of cells with exactly x
observations for x = 0, 1, , N, where Bisnop,
FienBERG and HoLLaND (1975) show two formulas
for approximating the distribution of f.. Where all
observations are independent and the p; equal,

=3 (V)pa-pr @

i=1

For the present case, our K is equivalent to their ¢
and the distribution of E[f.] for a sample drawn
from a panmictic population is specified by p;. Yet
under panmictic expectations, the f; will rarely, if
ever, all be equal. Under the more general conditions
of unequal cell probabilities BisHop, FIENBERG and
HoLLaND employ a two-parameter negative binomial
such that

_ a+x—1 A Y A\
E[fx]_K< a—1 )()\+a> <A+a> ®)

where A = N/K and « is derived from a density
function estimated by the method of moments as

& = \(s2 — \)

Q(Kgp?— 1)/1((1(—1)

the variance of observations per genotype class under
the hypothesis of panmixia. Yet Equation 5 was
developed under the assumption that N - p; is mod-
erate. In the present context, where N << K in most
practical studies of genotypic diversity, N - §; is usually
small; indeed in cases where allele frequencies are
evenly distributed, s> < X causing a to be negative.
Under these conditions, the inequality of p;’s may
not seriously affect the operation of Equation 4 and
we show later that E[f,] derived from that equation
can provide a good approximation of G. Thus we
use the simple binomial expansion in our future
derivations of E[f.].

The hypothesis that our sample is drawn from a
population obeying the tenets of panmixia can be

with
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tested with the statistic
N
X% = 3 (fx = E[f:)*/E[f.] (6)
x=0

which is approximately x with N — 1 degrees of
freedom. Two degrees of freedom are lost, as the
number of classes is constrained by the sample size
and as >,"_¢ f. - x = N. However, as the number of
classes before any pooling equals N + 1 (asx = 0 to
N) we are left with N — 1 degrees of freedom, or,
after pooling, the number of classes less 2. Since in
practice few genotypes will be expected to occur in
classes above fs or fa, there will be a considerable
amount of pooling prior to the calculation of X2. No
degrees of freedom are lost in estimating allelic
frequencies as these are held constant in the sample
and the estimate and hence will not alter the gene-
genotype relationship.

As SokaL and RoHLF (1981) point out, the G-test,
or likelihood ratio test, can provide significant ad-
vantages over the x? test in goodness-of-fit applica-
tions. In particular it may outperform x? in situations
where expected frequencies are low, although Con.
AHAN (1970, cited in SokAaL and RoHLF 1981) suggests
it be replaced with the exact test if both the number
of classes and expected frequencies are low. Here

N
G (test) = 2 > E[f.]* In (f/E[f.]) (7
x=0

and corrected for small sample sizes using WiLLIAMS’
(1976) correction. Pooling and degrees of freedom
used the same criteria as x.

The statistic G may now be written as

. N
G = 1/}_‘, for WIN)?
x=0

and to a first order approximation, derived for the
panmictic case as G, where

N
G=1/ 3 Elfd" @N? ®)
x=0

We tested the accuracy of G and the sensitivity of
our tests of distribution using computer simulation.
We generated populations of 500 individuals with
genotypes composed of three or four loci, each with
three alleles distributed either evenly (Even—0.3,
0.3, 0.4), mildly skewed (Mid—0.2, 0.2, 0.6), or
skewed (Skew—0.1, 0.1, 0.8). This range spans as
wide a distribution of genotypes as will be encoun-
tered in most practical situations, and as will be seen
later, contains conditions sufficiently skewed to illus-
trate the effects of low diversity conditions in our
simulations. Further samples from within this range
would be unlikely to add more information to the
results.

Genotypes of individuals within panmictic popu-
lations were constructed by selecting, with replace-
ment, two alleles for each locus according to allelic
frequency only. Nonpanmictic populations were con-
structed with two degrees of clonality. Clones were
produced by choosing three different genotypes at
random from a panmictic population and replacing
a proportion of the existing 500 individuals with
replicates of these three. At level 1, clones were
composed of 50 replicates and at level 2, of 83
replicates, placing either 30% or 50% of the popu-
lation in clones.

The calculation of type II errors suffers from the
ambiguity as to how a nonpanmictic population should
be structured. Here, the replication of a few geno-
types into large clones was chosen rather than a more
even replication of many genotypes into small clones
on the basis of experiences drawn from natural
populations with mixed modes of reproduction
(SToDDART 1984). Some preliminary investigations
showed the latter form to be less prone to type 11
errors for goodness-of-fit tests than the former.

Individuals were drawn at random from a popu-
lation until we reached an N of 50 or 85 (picked as
two sample sizes common in population genetics
studies). We calculated G and then X2 and the G-test
for each sample, using the binomial estimates of
classes of replicates, based on the gene frequencies
of each sample. In the calculation of X2, E[f,] were
pooled until class sizes exceeded 1.0. Simulations
showed that use of a lower class size of 1 rather than
the more commonly used 5 did not markedly affect
the number of type I errors.

More direct tests of the panmictic hypothesis are
available using #-tests where

t = (G — G)\VVar (G).

HorrMANN (1986) advocates the use of Monte Carlo
simulation to calculate G as the mean of 100 simu-
lations and equate its variance to var (G). We compare
tests based on these values with those based on our
G from equation 8 and var (G) from Equation 3.
These tests are later referred to as based on simula-
tion variance and derived variance, respectively.

RESULTS AND DISCUSSION

The results of these simulations show that (1) G
differs from G by only a few percent, (2) both the X?
and the G-test goodness-of-fit tests are quite conser-
vative, and (3) t-tests provided a more powerful test
of departure from panmixia.

That G is slightly less than G is due to the truncation
of E[G] about the higher order terms which leads to
equation 1. The extent of this difference is trivial,
being only about 1-2% in cases other than where G
<< N (Table 2). Even in the latter cases G did not



so low that
clonal reproduction haslittle scope for lowering it
further. In these situations the high p is due more
to the similarity of the panmictic and clonal popula-
tion structuresthanthe  testslackofpower. The
behaviour of both statistics is analogous to that de-

scribed by FAIRBURNanRBOFF (1980) for testsof
single locus modelsof isozyme variation using X2.

In all 24 combinations of gene frequency, sample
size and clone size, the G-test proved more powerful
than theX2 test, although it was only in the examples
with thelarger clonesize that this difference was
pronounced. Given thatthe robustness ofthistest
was acceptable, as measured by type | errors, we
would recommend itsusein preference to X2. Res-
ervationsabout the use ofthe G-test witHow expected
values anda small number ofclasses are entirely
negated by its extremely conservative nature dem-
onstrated for the present application.

Application of t-testswith  either simulated or
derived variance, produced a dramatic reduction in
the level of type 11 errors (Table 3). In 15 of the 16
tests conditions where a clonal structure was super-
imposed on distributions ofallelic populations with
even or mildly skewed frequencies, the null hypoth-
esiof a panmictic population was rejected atac-
ceptable rates. However, the result for very skewed
allelic distributions was poor. In these cases, the rate
oftype 11 error was acceptableonly in the higher
diversity situations for the more pronounced clonal
structure. While increasing sample sizes and the
numbers of lociand alleles surveyed can increase the
sensitivity of these tests by keeping potential sample
diversity, 6, high enough to detect a decrease due to
clonal effects, there is no a priori setof these con-
ditions which canentirely offset the effects of skewed
allele frequencies. Advice can onlgictate that sample

sizes and numbers ofochssayedeas high as
practical.
The useof the derived estimate of variance is



